We present an approximate analytical analysis of the release of catanionic mixtures from gels.
Introduction
Catanionic mixtures have been suggested as a rather generic means of prolonging the release of drugs from gels. 1-3 The basic idea is to take advantage of the major characteristics of such mixtures, namely the large size of the mixed aggregates and the low concentration of free amphiphiles in equilibrium with the aggregates. Large aggregates, such as vesicles or wormlike micelles, are expected to be effectively immobilized inside a gel matrix. Under such conditions the release is governed solely by the diffusive transport of single molecules, a slow process when the concentration of dispersed monomers is low. The concept has been demonstrated for catanionic mixtures of amphiphilic drugs and regular surfactants at physiological salt concentration; 1-5 the release rate from gels has been found to be 10-100 times lower than in control experiments without surfactant. In combination with the other advantages of gels as pharmaceutical dosage forms, e.g., mucoadhesiveness and injectability, the systems are interesting for drug delivery.
Mixed micelles of surfactants have been studied extensively both from a fundamental view point (see Refs. 6 and 7 and references therein) and as candidate systems for drug delivery. 8 The micellar morphology depends on the nature as well as on the mole fraction of the mixed surfactants, and can often be rationalized using the concepts of packing parameter or spontaneous curvature. Catanionic mixtures typically form bilayers when the surfactants are present in equal proportions, 9 a behavior reflecting the close packing of the head groups possible in this case. Vesicles are often formed in dilute dispersions of such mixtures. [10] [11] [12] [13] However, with increasing mole fraction of either surfactant, transitions to, in turn, wormlike and globular micelles occur, [14] [15] [16] [17] [18] [19] [20] a natural progression considering the expected increase of aggregate curvature with increasing surface charge density. A general property of mixed micellar systems, due to entropy of mixing, is that the equilibrium concentration of free monomers is lower than the pure component critical micelle concentration (CMC). For the component present at a mole fraction < 0.5 in catanionic aggregates, the effect is strongly reinforced by the electrostatic interactions, leading to free concentrations several orders of magnitude below the CMC. Furthermore, the CMC of the mixture is considerably lower than the CMC of either component for a wide range of compositions, a synergy effect due to, chiefly, that the entropic penalty for micelle formation from counterion binding is removed when the components neutralize each other. 7 In the regular solution approach to mixed micelles, 21 the non-ideal effects are collected in one interaction parameter (β). Despite its simplicity, the model is quite efficient in describing variations of the free concentrations, even for catanionic mixtures, 22, 23 but in the latter case only when salt is present in excess. At low ionic strength, more detailed models are required to handle properly the electrostatic effects. 6, 7, [24] [25] [26] Many amphiphilic drugs lack the typical head-and-tail structure of surfactants and form micelles with low aggregation numbers (if at all). Nevertheless, mixtures of amphiphilic drugs and oppositely charged surfactants can display properties typical of catanionic mixtures, including aggregate morphology and variation of the mixed CMC with total composition, as has been demonstrated earlier. 2, 4, 5 Recently, a detailed model for the release of catanionic mixtures from gels was proposed, 23 which was based on regular solution theory. 21 The underlying assumption was that surfactants (charged drug and counter ions) in stationary aggregates were in equilibrium with mobile monomers, which were gradually released by diffusion. The aggregates will henceforth be referred to as 'micelles', although they often take the form of vesicles or wormlike micelles, as discussed above. As a result mainly of the highly nonlinear equilibrium conditions, a numerical solution of the governing equations was required. Since the need for a numerical solution of partial differential equations (PDEs) may limit the applicability of an otherwise relatively straightforward theory, the purpose of this work is to devise a much simpler solution procedure.
To this end, we investigate a half-infinite planar system (rather than a system of finite extent).
For this particular geometry, one finds an exact reduction of the problem to a system of ordinary differential equations (ODEs). To derive an approximate analytic solution is nevertheless not a trivial task. In this work, we use a combination of the pseudo-steady-state approximation and the integral-balance method. Comparisons are made with numerical solutions of the fully nonlinear problem.
Theory Model formulation
As already indicated, we consider a half-infinite planar system, occupying the spatial region x > 0. The system contains two oppositely charged surfactants that form mixed micelles when their total concentration exceeds the mixed CMC, as determined from regular solution theory. 21 We let C i (x, t) and S i (x, t) be the monomer and micelle concentration of component i (= 1 or 2), respectively, which are functions of the spatial coordinate x and time t, as indicated. Above the mixed CMC, regular solution theory states that 21
where X = S 1 /(S 1 + S 2 ) is the mole fraction of component 1 in micelles. In these expressions, CMC i is the CMC of component i and β is an interaction parameter. Introducing the total micelle concentration M = S 1 + S 2 , one may express the component micelle concentrations as
above the mixed CMC.
where D i is the diffusion coefficient of component i. To simplify the analysis, we assume that the gel initially contains a uniform amount of both components and that sink conditions are enforced on the boundary at x = 0. The relevant boundary conditions thus are
whereas the initial conditions take the form
In these expressions, C i0 is the initial monomer concentration of component i, in equilibrium with the micelle concentration S i0 , as calculated from regular solution theory. The initial surfactant concentration is assumed to exceed the mixed CMC, so that micelles exist in the system.
Model reduction
For the assumed half-infinite system, the Boltzmann transformation, 27
reduces the PDEs (5) to ODEs in the reduced variable η. The transformed equations read
where the superposed dots denote differentiation with respect to η. Moreover, the combined initial and boundary conditions may be expressed as
When micelles are present in the system initially, an extraction front will develop with time,
separating an outer depletion region without micelles from an inner region where micelles coexist with monomers, as found in Ref. 23 . The location of this front will be denoted by η * in the reduced description. The spatial location of the front thus increases with the square-root of time, x * = 2η * √ t, in accordance with the observations made in Ref. 23 .
Balance equations
It is clear the monomer concentrations must be continuous across the extraction front, which we indicate by writing C * + i = C * − i , where the asterisks denote values at η * and the plus and minus signs are used to distinguish between values immediately above and below the front.
Integrating Eq. (10) across the front, noting that S * − i = 0 by definition, one finds that
Similarly, integrating Eq. (10) over the entire inner region, excluding the front, one obtains the equation
where integration by parts has been performed and where the primitive functions toĊ i andṠ i have been written as ∆C i = C i − C i0 and ∆S i = S i − S i0 to ensure that the generalized integral remains finite. Equations (13) and (14) may be used as starting points for the derivation of an approximate solution. 
Approximate analytical analysis
Provided that the micelle concentrations are sufficiently large, one may use the pseudo-steadystate approximation 28 in the outer region, implying that the monomer concentrations increase linearly with η, so thatĊ * − i
where we have utilized the fact that the monomer concentrations are continuous across the front at η * . The pseudo-steady-state approximation is expected to be valid provided that the ratio between the total concentration T i0 = C i0 + S i0 and the monomer concentration C i0 is larger than about 3. 29 We use the (heat) integral-balance method, originally proposed by Goodman, 30 in the inner region. To this end, we postulate error-function variations of the monomer and micelle concentrations,
where erfc(·) is the complementary error function 31 and κ i are as yet unspecified constants. 
When the approximate variations in monomer and micelle concentrations expressed by Eqs. (16) and (17) are used, one may evaluate the integral in Eq. (14) as
where Eq. (18) has been used in the last step.
Using the approximation (15) in Eq. (13), utilizing Eqs.
(1)-(4) to give the result a more explicit form, one obtains
where the prime denotes differentiation with respect to X and the sub-and superscripted asterisks and pluses have been dropped since all variables are to be evaluated immediately above the front at η * . Similarly, use of the approximation (19) in Eq. (14) results in
Noting that C 1 and C 2 are known functions of X as a result of the equilibrium conditions (1) and (2), Eqs. (20)- (23) may be seen as a nonlinear equation system in the four unknowns η,
EliminatingẊ between Eqs. (20) and (21), one obtains an equation of the form
where U 1 and U 2 are functions of X only (explicit forms are provided in the appendix). By using Eq. (20) to eliminateẊ from Eq. (22), one finds that
where V 1 , V 2 , V 3 and V 4 all are functions of X only (with explicit forms again given in the appendix). Similarly, use of Eq. (21) to eliminateẊ from Eq. (23) produces
where W 1 , W 2 , W 3 and W 4 again all are functions of X only (refer to the appendix).
Equations (24) and (25) 
where
Finally inserting the values for η 2 and M provided by Eqs. (27) and (28) in Eq. (26), one finds that
where the first equality defines a function F (X) and where we have let
Equation ( 
The mixed-micelle system will compensate so that a single front position η * is obtained, and η * will therefore lie between η * 1 and η * 2 . This knowledge may be utilized in the following manner:
If η * 1 is less than η * 2 , the monomer concentration C 1 has to increase from its equilibrium value C 10 . Since C 1 always is an increasing function of X, this in turn implies that the mole fraction X has to increase from its equilibrium value X 0 , and we may therefore select the first root greater than X 0 . If, on the other hand, η * 1 is greater than than η * 2 , the monomer concentration and the mole fraction both have to decrease, and the first root less than X 0 is to be selected. In the exceptional case that η * 1 and η * 2 coincide, the common value is the correct front position and no changes in mole fraction or concentrations occur in the inner region.
Once the front position and the mole fraction at the front have been obtained, the release rate may be readily determined by noting that the outward flux has magnitude
where the final expression is a consequence of the pseudo-steady-state approximation, Eq. (15).
The amount released per unit area may thus be expressed as
where the last equality defines a rate constant K i .
Numerical analysis
The numerical solution to the fully nonlinear problem may most conveniently be determined by using a shooting procedure. A nonlinear ODE system in X(η) and M (η) is obtained when the expressions (1)- (4) for the monomer and micelle concentrations in the inner region are inserted in Eq. (10) . This ODE system is second order in X and first order in M , and the specification of X,Ẋ and M at η * hence produces a unique solution that allows values of X and M at large η to be determined. Since no micelles exist in the outer region, the exact solutions to Eq. (10) may in this region be expressed as
where erf(·) is the error function 31 and A i are integration constants. When the solutions (37) are inserted in the matching conditions (13) , and the continuity requirements on the monomer 
Comparison with numerical data
The derived approximate analytic solutions were validated in two stages. In the first, they were compared to initial release rates extracted from literature data pertaining to a slab geometry. 23 In the second, extensive numerical calculations were performed for the half-infinite geometry investigated in this work.
Focusing first on the slab geometry, we thus consider the same systems as in Ref. This data set is illustrated in Fig. 3 , which displays the approximate analytically determined release constants as a function of the numerically determined ones on a doubly logarithmic scale. There is overall a good agreement between the analytical and numerical results, but some deviations may also be seen. In particular, the release rate is underestimated by the analytical solution for some parameter values, most likely as a result of the pseudo-steady-state assumption. If one insists that the pseudo-steady-state conditions be fulfilled in the sense that the ratios C 10 /T 10 and C 20 /T 20 both are smaller than 1/3, the maximal relative error of the analytically determined release constants is 14 % compared to 25 % for the entire data set. The calculations also indicate that inaccuracies may sometimes result if the monomer concentrations are very small; if one demands that the ratios C 10 /T 10 and C 20 /T 20 also be larger than 2 × 10 −4 , the maximal relative error is reduced to 10 %.
Conclusions
By using the pseudo-steady-state approximation and the integral-balance method, an approximate analytical solution was derived for the release of catanionic mixtures from gels. The analytical solution was found to be of sufficient accuracy to be practically useful, as indicated by comparison with the numerical solution of the fully nonlinear problem, and is straightforward to apply.
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Appendix: Explicit expressions for coefficients
This appendix provides explicit expressions for the coefficients U i , V j and W j (i = 1, 2 and j = 1, . . . , 4). Specifically, the coefficients U i in Eq. (24) may be expressed as
The coefficients V j in Eq. (25) take the form
Finally, the coefficients W j in Eq. (26) are
As might be anticipated, the coefficients W j are obtained from the coefficients V j by substituting 1 − X = X 2 for X = X 1 and C 2 for C 1 , etcetera.
